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Abstract

We analyze steady-state field emission from an n-type semiconductor under the assumption that its surface presents no barrier for electron
emission from the conduction band into the vacuum. We construct a classical Lagrangian field theory for the coupled electric and quasi-fermi
potentials and use it to show that uniform emission is unstable against laterally nonuniform perturbations. We use a two-parameter model of
normal emission current to show that the Lagrangian of the linearized system is minimal when all electrons are emitted from a single site. In
addition to this intensely localized emission, we show the normal electric field at the surface is moderately enhanced at the solitary emission site
even though the surface itself is planar. We use the result to explain the isolated emission sites observed in nanocrystalline n-type diamond films.

© 2005 Elsevier B.V. All rights reserved.
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1. Emission from planar cold cathodes

Diamond and some other materials can exhibit negative
electron affinity (NEA). Electrons can be extracted from such
diamond surfaces by a relatively low electric field at room
temperature [1,2]. For some materials such as nanocrystalline
diamond, the electrons are not emitted uniformly but only from
small isolated sites. Efforts to develop nanocrystalline cathodes
that emit uniformly have improved every measure of material
and surface quality except emission uniformity [3].

Previously, we investigated the time dependence of pertur-
bations of a one-dimensional equilibrium solution of the drift
diffusion equations [4]. We reported that a zeroth order electric
field could make small nonuniformities grow in time, but that
theory did not allow us to determine the final, i.e., observable,
configuration of the system [4].

In this report we revisit the question of finding a final
configuration for the system, but instead of considering time
dependent perturbations of the uniform system, we begin with
the set of all linearized steady-state solutions and search for the
one that is physically realized. We exploit electrostatic
boundary conditions at the semiconductor-vacuum interface
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to analytically simplify expressions for the field energy density
and the potential energy density enough to formulate a
Lagrangian for the system. Consideration of the resulting
Lagrangian action shows that uniform emission is unstable
against every lateral nonuniformity. Finally, we show that for
material and experimental parameters typical of low-field
electron emission from n-type nanocrystalline films at room
temperature, the actual minimum of the Lagrangian occurs
when all current is emitted from localized sites that are as small
as possible and as widely separated as possible.

2. Ideal steady-state emission

Let a planar interface at z=0 separate diamond in the half
space z<0 from vacuum in the half space z>0. The electric
potential ¥ obeys Poisson’s equation which requires the
divergence of the electric displacement and the charge density
to be equal

Ve(— V) = p (1)
where ¢ is the local dielectric permittivity

e=¢, forz>0 and (2)
€ = €, forz<O0, (3)

and ¢, is the relative dielectric constant of the semiconductor.



G.L. Bilbro, R.J. Nemanich / Diamond & Related Materials 15 (2006) 1418—1423 1419

For an n-type semiconductor that is electrically neutral at
equilibrium,

— (Ei — Ey)

Nt = nexp————~ 4
D i€Xp kBT ( )

relates the concentration of ionized donors Np to the intrinsic
electron concentration 7;, the intrinsic level E;, the Fermi level
EFr, and the product of the Boltzmann constant times absolute
temperature, assuming that the density of electrons is low
enough to obey Boltzmann statistics.

For a steady-state configuration near equilibrium, Er can be
replaced with a local quasifermi level Er, where both E; and
Eg, vary with location. We can write the perturbed electron
density as

Y—-o
n = Njexp 7
T

where ¥=—AE;/q and ®=—AEg,/q have the units of volts
and represent the changes of E; and Ef, from their equilibrium
values, and Vr=kpT#¢q is the usual thermal voltage. In this
expression, neutrality occurs wherever ¥ =® and equilibrium
occurs where both ¥ and @ also vanish.

In the case of a uniform macroscopic applied field of
magnitude E,., we write the electric potential

VY =Epz+y forz>0,

as the sum of the familiar one-dimensional response E...z,
which is large for z>0, plus a possible non-uniform
perturbation y which we assume to be small everywhere
compared to V1 and to vanish for z>>0. Now continuity of the
zeroth order normal electric displacement requires

VY=Enz+y forz<0

where

Evac

€r

Ein =

is familiar from the usual 1-D analysis of such problems. With
these choices of ¥ for z=+0, the zero of electric potential
corresponds to the unperturbed intrinsic level at the interface.
Deep within the semiconductor, where i vanishes, charge
neutrality requires the zeroth order @ and ¥ to coincide so we
write

O =FEnz+¢ forz<O0,

where ¢ also vanishes for z>>0 and is small compared to V',
but allows for a possible perturbation near the surface. With
this choice of @, the zero of the quasi-fermi potential
corresponds to the unperturbed Fermi potential at the interface.
We neglect holes, so that the charge density (Np —n)g

becomes
Y—o
5
) )

where ¢ >0 is the magnitude of the fundamental charge,

p qNS(l —exp

In steady state, the charge density does not change with time
so that 6,,=0 and
VJ =0 (6)
everywhere. In quasi-equilibrium, the total current density in
the semiconductor is

J = —qnv forz <0, (7)
where
v =uVe (8)

and p is the mobility of free electrons [5]. We assume that E .
is high enough and electron emission is low enough to neglect
all charge in the vacuum, so that /- = 0 and p=0 for z>0:
Once an electron is emitted, it is swept away before significant
charge can accumulate.

3. Lateral non-uniformities

In the vacuum, ¥ is large, but since p=0 for z>0 by
assumption, Poisson’s equation reduces to Laplace’s equation

Vi =0 9)

Both ¥ and @ are large for z<<0, but their difference
Y — @=1 — ¢ is small inside the semiconductor. For z<0, the
small magnitude of y — ¢ allows linearization of the continuity
equation

V2 4 n0.(p — ¢) = 0 (10)
and Poisson’s equation
VA — 1 (Y — ) =0, (11)

where we have defined

1 +
L L (12)
Lp €€ VT

and

o Ei o Evac
= Vi &bt

(13)

both to have dimensions of reciprocal lengths and units of
reciprocal meters in SI.

Egs. (9) (10), and (11) are satisfied by linear combinations
of terms like

lpkyoutNuk(Ly)e_kz inz>0, (14)
Vi ~up(x,y)e” inz <0, (15)
f~ins(x,3)e? in 2 <0, (16)

where p=p, is a wavenumber in the normal direction z that
solves the homogeneous algebraic system

(=& + i)Y — & (b — ) = 0, (17)

(=1 + 1) i — npi(s — dy) = 0, (18)
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¢, Oy and 0, are constants, k = ,/k? +k}% is the lateral
component of the wavevector inside the semiconductor, and

up(x,y) = cos(kx + Oxc)cos(ky + Oy ). (19)

Egs. (17) and (18) have four solutions but only two of them
result in finite ¥/ (—o0) and ¢(—x):

pr =k withiz =1, (20)

and

1 o D Mpk

:E(n—&- n2+4K2+4k2) Wlthw_k :7_ (21)

These two normal wavenumbers are compared in Fig. 1 as
functions of %, the lateral wavenumber.

For each k,, k,, the general solution therefore contains a
linear combination of terms like

lpk.,out ~ cke_kzuk (X7 y)

Ve~ (e + bre™)ug(x.y)

b~ (akekz — by %e””) up(x,)

for every mode £, if it is to include both solutions 20 and 21
inside the emitter, according to Egs. (15) and (16).

The coefficients ay, by, and ¢, are not independent. The
electric potential must satisfy two boundary conditions at the
interface: continuity of the normal displacement —ed,\y and
continuity of the lateral field — (0, 0,) require that
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Fig. 1. k and p; in (um)~ ' as functions of k in (um)~' for room temperature
diamond with €,=5.7, Nj;=10"%cm?, and E =1 V/um, which correspond to
Kk =3.49/um, n=6.75/pum.

where

a1 (22)
€r
These two constraints will be used to rewrite a; and by in terms
of ¢ k-
In terms of the resulting c¢;, the general solution of the
system is

=Y cup(x,y)e ™ inz >0, (23)
ke

V=3 crup(x,y) [ekz + e — epkz)] inz<0, (24)

ok (
bk pr—k

¢ =3 cu(x,y) {ekz +

(ekz + 17’;]{6”2)] inz <0,
ke ky K

(25)

pr—k

where wu;(x,y), k and p; depend on k., k, as given by Egs.
(19)—(21), and the c; have the units of volts.

For any arbitrary set of {cs, O, 0.}, Eq. (23) in the
vacuum and Egs. (24) and (25) in the semiconductor satisfy the
homogeneous system comprising the linearized electrostatic
Egs. (9) (10), and (11) together with the appropriate boundary
conditions at z=0 and |z|=o0.

4. Spontaneous non-uniformities

Eq. (1) is equivalent to asserting that the physical ¥ is a
variational minimum of an appropriate action functional. This
Lagrangian formulation provides an alternative analysis of the
system response to £, that we will use to determine ¢, which
are the degrees of freedom remaining after the differential
analysis of the previous section. To first order in the small
quantities,  and ¢, Egs. (23) (24), and (25) solve both
Poisson’s equation and charge continuity equation for z #0, and
satisfy the electrostatic boundary conditions at z=0 on normal
displacement and tangential field.

The action functional L., which we now construct is an
integral that explicitly excludes the interface, so that our action
cannot account for the boundary conditions at the interface.
This is of no concern since we will ultimately formulate the
minimization in terms of the coefficients ¢, so that our result
will satisfy the boundary conditions at z=0 because Egs. (23)
(24), and (25) satisfy them.

In the vacuum, the appropriate action is

€
Lowt = Tout = / —O|VW\2d3’” (26)
z>0 2
as can be shown by taking its variation, which is equal to
€ 0 253
VA — —=—= V¥ >51// r
L, ¥ (5 7w

- / VT

5Tout =
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and which vanishes for arbitrary oy if and only if Eq. (9) is
satisfied. Inside the semiconductor, the action is

Lin = Tin — Vi, (27)
where the field energy inside the semiconductor
Tin — / ﬂ |Vlﬁ|2d3r,

z<0 2

has the same form as 7,,. The potential energy

1
Vin = — / ErGOK2 <_ lﬁz - Wl”) d3r7
z<0 2

involves only the potential itself and is independent of V A, so
its variation

Vg = — / ereorcz(llj - ¢)5t//d3r
z<0

requires no integration by parts and therefore no special care to
exclude the interface.

The observable physical configuration of the system
minimizes the Lagrangian combination

Liot = Tou + Tin — Vina (28)

of Egs. (26) and (27), provided that we restrict ourselves to the
Y and ¢ of Egs. (23) (24), and (25). The first two terms of Eq.
(28) are the integrals of the usual electrostatic field energy
density %ﬁf =2(—€Vy)(— V). The last term is the
potential energy of the net space charge density, represented by
—k*(f —¢) in Eq. (11), interacting with the local electric
potential i/ in the semiconductor.

The first two terms of L are positive semi-definite, and they
vanish only for constant electric potential; they penalize any
change of the potential. In contrast, the third term, — V;,, can be
negative and this pivotal in our theory: if  and ¢ can distort
themselves to make this third term in Eq. (28) negative enough
to compensate for the increased field energy 7.+ 7T, of the
distortion, then the distorted state is energetically preferred.

In terms of Egs. (23) and (24), the first two of these integrals
are

60L2

Tow = —— Y.cik, (29)
& %
. LZ 2k2
T =0 Zci[kﬂ—] (30)
8 % Pk

which can be combined and simplified into the field energy

L? k(ok + 2
Tin+Tout:€r60 chzca (a - pk)

, 31
8 % 2pi G1)

of the system, where o is defined by Eq. (22).
The potential energy

K| (i + o)’ _pkk} ank(ok + 2pi)
2pik(pr — k) pi — K

eeol?

Vin
g 4%

(32)

can written in terms of the same quantities with Egs. (25) and
(24). Note that V;, > 0 because p; >k, >1, and the quantities
k, n, 1 are always positive.

We can combine these results to write the system
Lagrangian

2
L _aal’ o (ak(aktap) K| Prt k) ~pi]
A 2py 2pik(pi — k)
onk(ok + 2py)
T oo e ) (33)
Py

5. Spot emission

Our theory predicts that the perturbations minimize L, by
diverting the uniform current density of the unperturbed state
into isolated emission sites, as we now show. For small k, Eq.
(33) approaches

c,%Lzere()Kz

16k

For large &, Eq. (33) approaches

2o+ 2)al? 6ok
16 '

Both limits are negative and numerical experiments such as
Fig. 2 suggest that the energy of every mode is negative for all
combinations of material parameters and experimental condi-
tions in the vicinity of €,=5.7, Ng= 10°%/m?®, and E,,.=10° V/
m, which correspond to «=1.18, k=3.49/um, and 1 =6.75/pm,
at room temperature. The energy of any such mode is highest
when its amplitude ¢, vanishes. We conclude that in any
observed equilibrium configuration, the magnitude |c,| of every

Signed coefficient of kth term in Lagrangian

‘v\é 8 Ny
AN

0 2 4 6
Magnitude of lateral wavevector k (1/um)

{ / ’,' Z AN N \7
WSS
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Fig. 2. The normalized coefficient of ¢} in the system Lagrangian as a function
of k is negative for e,=5.7 and all integer combinations of x and # from 1 to 10,
in units of 1/um, which suggests that the coefficient of ¢} is always negative.
The energy of any mode with such a negative coefficient is highest when its
amplitude ¢, vanishes.
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mode is as large as feasible and is determined by some
constraint on the system. One such constraint is that the actual
emitted current must equal the current supplied to the surface
by the unperturbed uniform current at z<0.

In order to investigate the relation between L, and electron
emission, we introduce a two-parameter model of normal
electron emission. A family of normal electron emission
patterns that preserves average emission density can be
represented along the x axis as a sum

ke=kg
j=onVr (1 +2 Y cos(kx)exp( — Rzkf/2)>
feo=ky

over modes of wave number k, where

kL = ZTF/L

kg :2TF/R,

R <L, and 6=¢Np u is the usual ohmic conductivity. Any such
j is a 1-D array of emission sites with variable radius R,
variable pitch L, and fixed average normal emission density
(j)=0Ein=0onVr. This family includes periodic undulations that
range from a simple sinusoid at R=L to an array of delta
functions for R<<L, as Figs. 3 and 4 show.

The k™ coefficient j, of normally emitted current can be
related to the system coefficients c;, by combining Eqs. (24)
(25) (7), and (8) to obtain

, k—mn  onpr pr—n

=crok| 1
Jk = CkO ( —i—ocpk_k + PE—
and solving for ¢, in terms of j,. The resulting ¢, can be
substituted into Eq. (33) to obtain an expression for the total
system energy as a function of the R and L of our model

emission pattern for a given average emitted current. This

J/\\/ \/

0 4 8 12

X

Fig. 3. Cross section of the Gaussian model of normally emitted current density
for fixed R=2p and three different values of L=35, 10, 15 in units of microns,
shows how the model allows the density, i.e., pitch, of emission sites to be
varied.
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Fig. 4. A cross section of the Gaussian model of normally emitted current
density for fixed L=10u and three different values of R=1, 3, 10 in units of
microns, shows how the model allows the radius of each emission site to be
varied.

energy is a double sum over k, and k,, which we plot in Fig. 5.
Numerical experiments such as shown in Fig. 5 suggest that the
system energy corresponding to the trial emission pattern is
minimized by large L — o and small R —0.

If the minimum system energy occurs for vanishing R=0
and L=oo, then the details of the model ; are irrelevant, and we
infer that the result is general.

Our model of the normal emission pattern can also be used
to investigate the pattern of field enhancement corresponding
to the emission pattern. For any finite R and L, the normal
electric field can be obtained from the j; since the first order
electric potential just outside the interface for y=0 is

Y crexp( — kez)cos(kx)
k’(

Fig. 5. Normalized L, as a function of R and L.
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Fig. 6. Normally emitted current density and normal electric field along a cross
section through the origin on the interface.

since the k,#0 components can be neglected on this cross
section. The normal electric field

j=anVy (1 +2Y keos(kx)exp( — R*k*/2) ;’_k)
2 k

is the z component of Eq. (7) evaluated at z=0. The first term

Jo=onVr is the k=0 component of j and coincides with

unperturbed normal electric field and the cross section of j(x)/

jo of Fig. 6 shows that the electric field is enhanced at the

emission site, but not as much as the emitted current.

Fig. 2 shows that the mode energies are least negative at a
wavenumber of order x, which suggests that the corresponding
modes are most sensitive to forces neglected in this analysis. If
such forces ever make the mode energies positive, this seems
most likely to be observable at lateral wavenumbers near k=x.

Therefore it may be possible to experimentally find a minimum
in intensity of the normal electron emission pattern at a lateral
period of 27/Kx =2 pm.

6. Conclusion

Emission sites have zero radius in the proposed theory.
Quantum effects would certainly impose a non-zero minimum,
but our physical model also neglects nonlinearities, maximum
electron wavenumber, emitter thickness, and surface irregular-
ities. It is not known whether any of these effects restricts the
minimum radius to be larger than the quantum limit.
Experimentally, the emission site radius is too small to have
been measured yet.

Experimentally, NEA is necessary but not sufficient for spot
emission, which is always observed for nanocrystalline
diamond but not for polycrystalline diamond at red heat.
However both exhibit NEA in photoemission studies. In this
report, we assume that the material itself is uniform. This
assumption is more appropriate for nanocrystaline diamond,
and the courser grain boundaries of polycrystalline diamond
may obstruct the development of long-range order.
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